In this paper, we study rotating boson stars in the large coupling limit as well as in the Newtonian limit. We investigate the equilibrium solutions in four and five dimensions by adopting some analytical approximations. We show that the relations among the radius, angular momentum, Newtonian energy, and quadrupole moment (for the four-dimensional solution) of the boson star can be qualitatively realized for the minimal number of boson-star parameters.
I. INTRODUCTION
Along with the development of observational cosmology, including the recent gravitywave detection, the theoretical study of compact objects is actively advancing apace. Thus far, remarkable progress has been made in the study of universal relations between physical quantities of compact objects, such as the angular momentum, quadrupole moment, mass, and radius.
The study of self-gravitating systems is very interesting because the characteristics of general relativity or the modified gravity appear in the physical quantities of the system. For example, Brihaye, Hartmann, and collaborators argued about a boson star solution in a higher-dimensional spacetime [1] [2] [3] .
From the perspective of particle cosmology, the boson star [4] [5] [6] is one of the candidates for dark matter [7] [8] [9] [10] [11] . The (1 + 3)-dimensional boson star was studied as the simplest model of a self-gravitating system and the Newtonian treatment of gravitating bosons has been often discussed [4] . Although the difference between the Newtonian treatment and the general relativistic model is significant, the Newtonian treatment is known to enable the evaluation of the mass of the boson star qualitatively. It is necessary to examine the Newtonian approximation in higher-dimensional boson systems, since a substantial understanding is important to check whether a universal property of compact objects exists even in the modified gravity theory.
We discuss the qualitative behavior of models such as a four-dimensional rotating boson star (which has been studied in the general relativistic model [12] [13] [14] [15] [16] ), a boson star in dimensions with compactified space and five-dimensional boson stars using Newtonian approximation. We study the system of a scalar field with large self-interaction [17] in this paper. A deep understanding of the basic aspects of self-gravitating systems, which is independent of a possible correction in the gravity theory, is expected from this study.
The present paper is organized as follows. In Sec. II, we obtain the action, the Hamiltonian, and field equations for a model of a self-interacting, gravitating boson field in the Newtonian limit. The large coupling limit of the model is defined in Sec. III and we obtain the spherical solution for a boson star and discuss its mass. In Sec. IV, approximated solutions for rotating boson stars are obtained, and the relation among their physical quantities is studied. The boson star in the Kaluza-Klein background is considered in Sec. V, and the stability against a small variation along with an extra dimension is discussed. In Sec. VI, five-dimensional boson stars in the Newtonian limit are investigated. The last section is devoted to a summary and future prospects.
II. THE NEWTONIAN LIMIT
We consider a system of self-interacting, gravitating scalar bosons of mass m governed by the following field-theoretical action;
where
, G is the Newton constant, R is the Ricci scalar,λ is the dimensionless scalar self-coupling constant, and |∂φ|
By the variational principle, we derive the Einstein equation from the action as
where the energy-momentum tensor in the system is given by
3)
The equation of motion for the complex scalar field φ is given by
The Newtonian limit can be attained by assuming that the spacetime metric in the weak field approximation can be written as
where Φ is the Newtonian gravitational potential.
Assuming further that a complex scalar field has a nearly harmonic time dependence expressed by
we obtain the (non-linear) Schrödinger equation
as the Newtonian limit of Eq. (2.4), where ∇ 2 is the Laplacian in the flat space and the dot indicates the time derivative. In the present limit, the Einstein equations reduce to the Poisson equation
The Newtonian treatment of the Lagrangian and Hamiltonian is as follows. We find the following Newtonian action in the limit: 9) where (∇Φ) 2 ≡ ∇Φ · ∇Φ and the symbol ∼ = indicates that some surface terms have been omitted. Therefore, the Hamiltonian of the system is derived aŝ
On the other hand, the Newtonian number of particles is expressed aŝ
In addition, we require the conditionN = N, i.e., the condition that the system contains N scalar bosons. Then, we consider δ{Ĥ − µ(N − N)} = 0 as an equation for the scalar matter field in the mean field approximation, where µ is a Lagrange multiplier. Now, we obtain two coupled equations for the stationary gravitational field and the matter field as follows:
12)
Therefore, the system is reduced in the Newtonian limit to the (non-linear) Schrödinger-Poisson system.
In the subsequent sections of this paper, we will concentrate on the large coupling limit to extract analytic results for compact objects.
III. LARGE COUPLING LIMIT AND THE SPHERICAL SOLUTION
Here, we consider the large coupling limit [17] . We assume the case of Λ ≫ 1, where
In addition, if we introduce the following quantities
the set of equations reduces to the simple form
where ∇ 2 * is the rescaled Laplacian expressed in terms of the coordinate r * . In the limit of Λ → ∞, equation (3.4) further reduces to
We can interpret the solutions of (3.5) as follows. In the region outside the boson star, the solution is Ψ ≡ 0. In the region inside the boson star, i.e., in the region of |Ψ| > 0, the solution is expressed by 6) where the normalized density function is defined as
Note that µ * indicates the value of the gravitational potential at the surface of the boson star, where ρ = 0. If the relation (3.6) is substituted in the Poisson equation (3.3), we obtain the linear differential equation 8) which is valid in the region inside the boson star, while ρ = 0 outside the star. where r * = √ r * · r * . The normalized solution for ρ(r * ) is analytically expressed as
The solution for the gravitational potential Φ(r * ) can be found by Eq. (3.6) for r * ≤ π/ √ 2.
We should choose the value of µ * so that Φ(r * ) matches the Newton potential at r * = π/ √ 2.
Hence, we find
Note that µ * takes a negative value in general.
The Newtonian energy E of the system in the large coupling limit can be expressed from Eq. (2.10) as
Substituting the solution of Eqs. (3.8) and (3.6) into this equation, we obtain
The mass of the boson star is given in the present Newtonian scheme by
After substituting the solution (3.12) into (3.14), we find that the mass of the spherical boson star becomes
Incidentally, if we can vary the value of N, the maximum of M occurs for
The maximum value of M is 18) which is supposed to be a typical mass of the boson star in the large coupling limit. This value for the mass of the boson star is several times greater than the general relativistic result [17] . This is very similar to the known case for the Newtonian and relativistic boson stars with no self-interaction [4] . We need not consider the boson star with the maximum mass, especially for explaining the galaxy rotation caused by a single huge boson star located at the center of the galaxy [9] [10] [11] .
In D-dimensional spacetime, we take the same forms of the Lagrangian density L and the Hamiltonian density H as the four-dimensional ones. Then, the shape of the equation of motion for ρ is unchanged; the rescaled Laplacian in the spherical system of (D − 1)-dimensional space is replaced by
For a D-dimensional boson star, the particle number N is expressed as
By solving the higher-dimensional equation, we find the solution
where The Newtonian energy is the same as that in four dimensions:
Thus, the mass of the spherical boson star is given by
The maximum of M occurs when 25) and the maximum mass is
IV. ROTATING NEWTONIAN BOSON STARS WITH LARGE SELF-INTERACTION
Now we turn to the case of D = 4 again and consider rotating boson stars. We assume their axial symmetry and equatorial symmetry.
For a stationary rotating boson star, we set [12] [13] [14] [15] [16] 
where ϕ indicates the polar angle and an integer s corresponds to the angular momentum.
Substituting this ansatz, Eq. (3.4) reads
We assume the large coupling limit Λ → ∞ as well as the rapid rotation of the phase of the scalar field such that s 2 * ≡ s 2 /Λ takes a finite value. Then, the equation becomes
If the relation for Ψ = 0 is substituted into the Poisson equation, we obtain the following inhomogeneous differential equation:
The particular solution of (4.4) is given by [18] 
where x ≡ r * sin θ, Y n (z) is the Bessel function of the second kind and G mn pq is the Meijer G function.
The general solution to Eq. (4.4) with axial and equatorial symmetries (ρ(r * , θ) = ρ(r * , π− θ)) is expressed by the particular solution s 2 * f p (x) plus the linear combination
where j l (z) is the spherical Bessel function 3 and P n (x) is the Legendre polynomial of the n-th order, or
where z ≡ r * cos θ.
To simplify our analysis, we wish to use the minimal number of parameters throughout the present paper. The radius of the boson star is thought to be an important physical parameter. Hence, we first consider a simple ansatz that ρ is given by
where the scale factor A is a dimensionless constant if its numerical value is positive; otherwise, ρ = 0. Here, the equatorial radius of the boson star is given by
As a bolder approximation, we will omit f p in the previous ansatz. The special solution f p (x) behaves logarithmic in the vicinity of the origin. The term proportional to 1/x 2 makes ρ vanish more rapidly near the origin (Fig. 1) . We can therefore omit f p (x) to make numerical integration efficient, and we finally adopt the following approximation for ρ:
if its value is positive.
The total particle number is still given by (3.9), as in the non-rotating case, while the Newtonian energy of the rotating boson star becomes 12) where the Green function G satisfies
The Green function satisfying the condition G → 0 at the spatial infinity is well known and is given by 14) or
where r < = min(r * , r * ′ ), r > = max(r * , r * ′ ), and Y lm (θ, ϕ) is the spherical harmonic function.
Because the density distribution has been assumed to be axially and equatorially symmetric, the gravitational potential Φ outside the boson star can be obtained as Now, we can numerically calculate the Newtonian energy E. The shape of the boson star is determined by h and s 2 * /A in the form (4.10). 4 We can evaluate the normalized Newtonian binding energy which is apparently independent of the scale factor A. 
For a small angular momentum or a small s 2 /N, a lower h yields a lower E/N 2 . Thus, the equatorial radius of the boson star is R * = π/ √ 2 for a small s 2 /N. For a large s 2 /N, the binding energy E becomes lower at a finite h. Under the condition that the conserved quantities, the particle number and angular momentum of the boson star, are fixed, the configuration with lower energy is considered to be realized. Therefore, for a fixed N, the equatorial radius of the rapidly rotating boson star increases with a higher angular momentum. This qualitative behavior corresponds to the result in the relativistic system studied by Ryan [15] in the large-coupling limit. We show a typical profile of the rotating boson star in Fig. 3 , where the scale of the vertical axis is taken arbitrarily since the shape is independent of the scale factor A.
Next, we list the values of 4πG √ Λm|Q|/s 2 , the ratio of the quadrupole moment to s 2 of the boson star, in Table II . The quadrupole moment Q is given by
The ratio of the quadrupole moment to s 2 of the boson star is shown in Fig. 4 as a contour plot.
The parameter region is the same as in Fig. 2 . From this plot, we find the following.
For a small s 2 /N, the ratio is small; when the radius of the boson star increases, the ratio increases. This qualitative behavior coincides with the relativistic result obtained by Ryan [15] in the large-coupling limit. Because the quadrupole moment is sensitive to the detail of the shape, it is difficult to study on the qualitative correspondence to the previous result in the present analysis with the minimal number of parameters.
V. INTERLUDE: ON BOSON STARS IN THE KALUZA-KLEIN BACKGROUND
In this section, we consider a boson-star solution in the Kaluza-Klein background, i.e., a boson star in spacetime with a compact extra dimension.
We denote the coordinate of the extra space as y. This dimension is assumed to be a circle, the circumference of which is set as L. Thus, the coordinate can be considered periodic by identifying y + L ∼ y.
As in previous sections, we rescale the length scale as
The Lagrangian density is assumed to be of the same form as in the previous case.
Accordingly, a non-zero ρ satisfies the differential equation
if the spherical symmetry in three-dimensional space is assured. For a sufficiently small L * , a solution for a boson star can be described by
where the scale factor A is a positive constant. This solution is the same as the fourdimensional solution; this configuration may appear like a 'boson string' in four-dimensional space.
On the other hand, for a finite length L, we conjecture the following solution for ρ:
Here, δ is a constant. Note that at the special location y * = L * /4, the surface of the boson star is located at r * = R * = π/ √ 2.
Because of the periodicity in the extra coordinate y * , the Green function for the Poisson equation defined in the Kaluza-Klein background is given by 5) where |∆r * | = |r * − r ′ * | and ∆y * = y * − y ′ * . Using the assumption that ρ depends on r * and y * , and has the symmetry y * ↔ −y * , we obtain the gravitational potential, with an approximation of taking only the longest-wave mode, which is equivalent to neglecting the O((e −(2πr * /L * ) ) 2 ) terms, as
Thus, at the lowest order, we find
Thus, the Newtonian energy of the boson star becomes 9) up to O(e −4πR * /L * ).
We conclude that the change in energy caused by the variation of the highest wavelength in the direction of the extra dimension is very small and is independent of the magnitude of its amplitude δ, when only the longest-wave mode in the gravitational potential is taken into consideration.
Although further independent analysis is needed for clarifying the instability in this boson string, the instability in the Kaluza-Klein background qualitatively found here reminds us of the Gregory-Laflamme instability in black strings [19] .
VI. NEWTONIAN BOSON STARS WITH LARGE SELF-COUPLING IN FIVE DIMENSIONS
In this section, we consider a rotating boson star in five dimensions. We consider a system governed by the same form of the Lagrangian density as in the previous sections.
The coordinates in the five-dimensional spacetime are assumed to be
where 0 ≤ θ ≤ π/2, 0 ≤ ϕ 1 < 2π and 0 ≤ ϕ 2 < 2π. After rescaling and redefining the coordinates, the line element becomes
where x = r * sin θ and y = r * cos θ.
Here, we assume
and define s 1 * ≡ s 1 / √ Λ and s 2 * ≡ s 2 / √ Λ. As in Sec. IV, the large coupling limit yields the following relation in this case:
for the region of ρ = |Ψ| 2 > 0. The differential equation in this case reads
where 6) in the region of ρ > 0. For simplicity, we will consider only the simplest case with s 1 = s 2 in this paper.
We conjecture that the boson star is spherical in the limit of no rotation. Since the Laplacian for the spherical body reads
the spherical solution of Eq. (6.5) with s 1 * = s 2 * = 0 can be written by
where A and h are constants. q ≈ 3.83171 is the first zero of J 1 (x).
Because the Laplacian can also be expressed as
the special solution of (6.5) is determined to be s
, where f p (x) is defined by (4.6). We neglect the contribution of f p to the solution, as in Sec. IV. In Sec. IV, we parametrize the equatorial radius, but in the present case, because there are 'holes' in the direction of the x and y axes, we abandon the tuning of the radius as an input parameter.
For simplicity, we consider the case with s 1 * = s 2 * ≡ s * . Hence, the boson star has spherical symmetry in the limit of no rotation, and we take an approximated solution: 10) where R * ≡ q/ √ 2 + h, provided that the value of (6.10) takes a positive value. Note that R * is not the radius of the boson star.
The physical quantities of the boson star can be derived as in the four-dimensional case.
The particle number of the boson star is expressed by 11) while the Newtonian binding energy is given by 12) for arbitrary values of s 1 * and s 2 * .
The value of the gravitational potential at the boson star surface, µ * , should be obtained using the Green function in the flat four-dimensional space. The Green function, which asymptotically vanishes, is expressed as
. (6.13) Owing to the two axial symmetries of the boson star configuration, we wish to integrate the Green function over two polar coordinates. There is, however, no known compact expression for the integration, contrary to the case of the three spatial dimensions in Sec. IV. Thus, we take a further approximation.
For r ′ * ≪ r * , the integration over the polar coordinates yields
Hence, if θ = tan −1 x/y = π/4,
Therefore, under the assumption that the higher multipole moments are relatively small, we take an approximation it is obvious that the stability depends on the balance between the self-interaction of the scalar field and the gravity. Therefore, the Newtonian approach in the higher dimensions will be a useful as well as significant method to study boson stars in models with general scalar potentials.
VII. SUMMARY AND PROSPECTS
In this paper, Newtonian boson stars in the large coupling limit have been studied by means of various approximation methods. In summary, we found the qualitative behavior of the boson star parameters: 1) The Newtonian binding energy is determined by the particle number and the value of the gravitational potential, in addition to the energy from the rotation. 2) With a certain rapid rotation, the radius of the boson star becomes larger than that of the spherical boson star, if the particle number is fixed. 3) For a slowly rotating boson star, the radius is not significantly changed from that of the spherical one. 4) For a rotating four-dimensional boson star, the ratio of the quadrupole moment to the square of the angular momentum decreases when the angular momentum increases if its radius is unchanged from that of the spherical one. 5) The ratio of the quadrupole moment to the square of the angular momentum increases when the radius of the boson star increases.
We used Mathematica 4.2 [18] on a personal computer for numerical calculations. Of course, elaborate calculation on a large system would yield better results in terms of quality as well as quantity. In the present paper, since we used the minimal number of parameters to describe the deformation of the rotating boson star, we limit ourselves to a qualitative conclusion. The most important subject to be examined is the introduction of more parameters which determine the shape of the boson star in detail. This also depends on the computational environment.
The boson stars with finite self-coupling can also be approximated analytically by connecting the exponential tail in the asymptotic region of the boson star [20] . It is interesting to study the stability of the boson star in higher dimensions with analytical approximations in the Newtonian limit.
We wish to solve the configuration of the binary of the boson stars in a similar methods shown in this paper. The Newtonian treatment of the system would shed light on a possible relation among the physical quantities of the binary boson stars and provide an initial state for the dynamical calculation with general relativity or other theories of gravity. We also suppose that a rotating boson stars with a point mass at its center resembles a rotating black hole with scalar hair [16, 21, 22] . The study of such systems with the Newtonian approximation is interesting and may reveal an essential nature of gravity.
Finally, we anticipate that the Newtonian approach to the boson star would be valid for a multi-scalar system with many U(1) charges, such as the 'multi-state boson star' [23] , and the boson-fermion system [24] [25] [26] [27] , in order to extract its inherent characteristics in an efficient manner.
